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Abstract - The present work generalizes the relation between image functions as e-"q-m(q +11)-. and their
original onesf(t). The resultant equation is valid for any integer pairs (m,n) and it will analyze some diffusion

problems easily and systema tically. In addition, some characteristics of error functions are mentioned .

t,

p,q,

A, V,
D,
e',

f(t) ,
g(~),

i" erfc(~),

Let an original function be given byf(t) with respect
to time. Thef(t) is, in fact,dependent on space variables,
diffusivity and so on, as shown later, but these are
neglected for simplicity.

A definition for the transformation is given by the
following equation in the usual way:

f'" f(t)e- p r dt = 2'U(t)} = e-
q

• (1)J0 qm(q +h)"

DERIVATIO:-:

where

The image function uniquely corresponds to its
original one with the preparation of a set (Ill, II).
Consequently, if the relation between two functions
could be unified and calculated for any integer pair
(Ill, II), the solution of many diffusion problems could be
greatly simplified.

Carslaw and Jaeger [1], Crank [2], and Erdelyi et al.
[3] have tabulated many individual Laplace trans­
formation formulas for lower pairs of (m,lI) values.
These have often been very useful. However, it is
necessary for any higher (m, /I) values to deduce a
suitable relation corresponding to one of the pair or to
deri ve one of the formulas from the fundamental
definition of the inversion theorem. This may be very
time consuming.

The purpose of the present work is to obtain a
generalized relation which is applicable to an arbitrary
integer pair (Ill, /I) where, of course, negative III and/or /I
may be present. Comparisons between the present
result and the previous discrete relations are presented
instead of a proofofthe new equation (which is poss ible
by the inductive method), together with some illus­
trative examples of diffusion problems.

l"O:\IEl"CL\TURE

area and volume;
diffusivity;
arbitrary constant but 0 < e' < 1 or
e' = 1/2;

F, H, variables x/(4Dt)I/2 and h(Dt)I/2;
h,h', K/D and VIA;
j, k, Ill, II, r, S, integers;
K, constant;
I, distance;
2, Laplace transformation operator;
2- 1, inverse Laplace transformation

operator;
parameters for 2U(t»

= D'f(t) e- pr dt and q = (P/D)1/2 ;

time;
original function;
auxiliary function;
integrated error function

1""i"-I erfcm d~ with iO erfc(~)

= erfcm = (2/..j7t)f')exp(-e)d~;
Hermite's polynomials,
(-)" exp(e)(d/d~)"exp( _ ~2);

f'(~), gamma function;
1(~), unit function;
[1ll/2] , G auss symbol;

(1Il,~~ ~j). extended binomial coefficient;

rJ.,p, reaIs, a.+fJ = h;
0, initial;
I, II, phases I, II ;

Laplace transformed.
(2)

(3)

Ir-iTRODUCfIO:-:

IT IS well known that the Laplace transformation
method has been frequently used to study many
diffusion problems for mass and heat transfer. In an
analysis of some partial dilferential equations for the
diffusion with the transformation, the related sub­
sidiary equations are usually written in terms of charac­
teristicimage functions such as exp( _qx)q-m(q+h)-".

Furthermore the notation 2'-1, the Laplace inversion
operator, will be used for convenience,

f(t) = 2'- I Lm~;:x1J)"J.
In order to obtain the original functionf(r) from its

image or vice versa, various methods are avail able.
Here it is advantageous to introduce an operator
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(1I-cljdx)" into equation (3) and to solve the resultant
ordinary differential equation (4), because charac­
teristic relationships between diffusion phenomena and
error functions may be used,

(
d ) " [( d)" e-qJ< ]

11- dx f(t) = 2-
1

11- dx q"(q+11)"

_2_ I [e-q
J<] (4)

- q'"

This equation can be solved and .gives the following
solution under the conditions of 111 ~ 2 and 11 ~ 1 :

Equation (9) may be used for the reverse procedure to
equation (8) and vice versa.

Now, comparing equation (5) with equation (7),it is
clear that the extension of 111 from positive to negative
does not change the basic form of the relation, but lets
the first term in the remainder series start from a
different index.

Therefore, it is also considered that there is no
essential difference for the extension of 11 to negative
values. Thus, it may be concluded that only the initial
term in the first series of equation(5)should bechanged.
Ifill ~ 2, then

[
e-qJ< ] (211)"-2

2- 1 = (- )"D ....,.-.,..,,---......
q"(q+1I)" :tl tc:» 2

XeXP(_ F2){ mf (1II+II-j-3)(_)J(211)J-m+2
i=O 11-1

.' "-I (1II+II-j~3)x exp(F2) 11 erfc(F)- L (211)J-m+2
i=O 111-2

x exp [(F + //)2] ji erfc(F+11)} (5)

because the following relation is valid

2- 1 (e-qJ<) = D[(4Dt)1/2]t it erfc(F) (6)
q2+k

where k = 0, 1,2, ....
On the other hand, for 111 < 2, if 111 is forced to assign

inconvenient values in equation (5), the rule of an empty
sum means that the sum will be zero. Therefore the
series in the original function does not depend on the
variable xj[(4Dt)1/2] but on the combined term
xj(4Dt)1/2+1I(Dt)1/2.

With a change in the order of k in (1I-djdx)k or
extending k in equation (5) to negative values, the same
procedure as at m ~ 2 gives the following equation:

[
-qJ< ] (2H)"-2

2-1 e = (_)m+ ID-,-----,-----:;-
qm(q+1I)" ::l Itm+"-2

x exp(-F2) "II (1II+1I-j-3)(21I)i- m+ 2
i=m+.-2 111-2

x exp [(F + 11)2] iJ erfc(F +11) (7)

where the coefficient (1II+1I-
j-3)

is an extended
111-2

binomial coefficient, as explained in the Appendix.
The coefficient which includes any negative elements

can be classified into three types at most, and each of
these may be evaluated with the aid of a gamma
function and its functional formulas. In some cases the
limit value calculation has to be carried out using the
following two formulas:

r(-~+k) _ "':")k r(~+I)

r(-~) -( r(~-k+I)'

r@ k r(-~+k+ I)
r(~-k)=(-) r(-~+I)'

(8)

(9)

2- 1 [ e-qJ<] = (_ )mD-,:-:(211".-;.).".....m-...2
qm(q+1I)" ,:U 1Im+. 2

X exp(-F2) mI 2 (1II+1I- j-3)(_)J(211)J-m+2

J=m+"-2 11-1

x exp(F2)ii erfc(F) (10)

where the exponential. forms are not eliminated on
purpose because of formalization. In the remaining
case, 11 ~ 0 and 111 < 2, repeated differentiations of the
image function and the original one with x give

[
e-qJ< ] (211)m-2

!f' - 1 . = ( _ )mD -r-r-r-r-rx-

qm(q+1I)" ':~l Itm+.-2

m-2 (1Jl+II-i-3)x exp(-F2) L (_)i(211)i- m +2

. J=m+"-2 11-1

x exp(F2)ii erfc(F). (11)

The integerj in part of equations (7) and (to) and allj
in equation (I I) take negative integers. Under such
conditions, the function ji erfc( ) seems to have not
been used widely. But the function with negativej may
be especially recommended in differential or integral
analyses for the group of error functions since repeated
integrations are just differentiations with negative
orders (and vice versa).

Now,let us introduce Hermite polynomials defined
as

Hm(~) = (_)m exP(e)(:~r exp(-~2)

[m/21 (_ )JIII!(2~)m-2J

= L 'I( 2')1 . (12)
J=O ). 11I- 'J .

Then we can express iJ erfc (x) with negativej as follows
(j-+ -111):

exp(e)i-m erfc(~) = (In)1Im-I(~)' (111 ~ I). (13)

Therefore equation (11) has the following form :

[
e-qJ< ] (211)m-2

!f'-I -(_)mD-,-----,--------;:-
qm(q+It)· ':~l- 1Im+. 2

22 m~2 (1II+II-j-3)x exp(-F )- L.In J=m+.-2 11-1

X (_y(2Hy-m+2IL(J+dF). (14)
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n I
I
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-4--------
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I bUI empty

FIG, I. Particular forms in parts of binomial coefficients and the first suffix in equation(l 5).Quadrants I-IV are
sectioned by two dashed axes.

Equations (7) and (10) may be rewritten in terms of
Hermite functions at required points where j < O. As
mentioned above, expressions between the image and
original functions arc slightly altered according to
whether m and II are greater than 2-e' or less than
l-e', respectively. The numeral e' is real 0 < e' < 1,
and for simplicity, let it equal a halfinteger 1/2 here. The
differences in the equations arc taken away with the aid
of a unit function] as

[

e-qx ] (2Hr~2

!f'-l qm(q+h)' = (_)mv hm+. 2

(
2 m~2 (11I+II-j -3)x exp -F) L.

j;(m+n-2)[I-I(.-1/2)) 11-1

X (_)i(2H)i- m +2 exp (F 2) ii erfc(F)

_ 'Il (11I+II-j -3)(211)j-m+2
j;(m+.-2),'(2-,') 111-2

x exp[(F+H)2]ii erfc(F+H) (15)

where

v = l(m-3/2) +1(11-1/2),

Modified forms for the extended binomial coefficient
'and the first index in the series are shown in Fig. 1.

APPLICATIO;,\; Al"D DISCUSSIO;,\;

Comparison with the prerious equatiolls
The generalized equation (15) can be proved by the

induction method. But here, instead of this, we wil1
illustrate how al1 previous equations are covered by
equation (15).

The case II > 0 is shown in Table 1. The previous

t The unit function 1(~) has values of I, 1/2 or 0 for ~ > 0,
~ = 0, ~ < 0, respectively, The arguments in the forms of
(2m+ 1)/2 [or (2n+ 1)/2] eliminate the case where functional
values are of one half.

H~ 26:7-E

equations [1-3] and the present one seem to be slightly
different at first glance, but this is because the integrated
error functions] were not used in the earlier works.
Therefore, these are actual1y quite trivial. The present
results have rather complicated forms but they are
clearly systematic and have wide applicability: any
change in II may be easily fol1owed.

Table 2 shows results for the case of II = 0 and for
various 111. The present results are also shown in both
intermediate and rearranged forms. In this case only,
however, it is not always necessary to carry out the
analysis via the combination of Hermite functions,
because a direct calculation from equation (5) is
possible both for positive 111 (strictly speaking 111 ~ 2)
and for other m with the aid of a relation between the
integrated error functions with negative orders and a
single Hermite function. The equations in Table 2
reveal an interesting feature of Hermite equations
which have a combined variable-they can be
transformed to single variable functions with simple
manipulations.

An original image-relation with negative II has not
been found in previous tabulations. Hence, let us
examine the case for 11 < 0, which is also explained by
the present equation. Ifh is considered to be merely one
of the parameters in the expression (q + h)'ln< 0' this can
be binomial1y expanded for q.

Considering that both the whole original functions
for exp( _qx)q-m have analogous forms, and that the
Laplace transformation has a linear nature, we can
write equation (16):

e-
qx I = I (-.II)q-.-j-mhj e- qx = !f'U(l)].

qm(q+h)" .<0 j;O J

(16)

For example, let us consider an originalf(t) whose 111

and II are arbitrarily 4 and -3, respectively. This
solution can be constructed from some standard

:j: Integrated error functions have been discussed by D. R.
Hartree, Mem. Manchr. Lit. Phil. Soc. 80, 85-102 (1936).



Table I. Comparison bet ween the present and the previous equations for exp (-qx)!q"'! (q+h)" = !t' [f(t)] at n > 0 where F = x!(4Dt) I/2 and II = h(Dt)I /2

~ pr escn t I pr ev i OUS II ,2,3) ,
. 2 ' , .

n 4DI5t ",2 e- f2( I (n- i+1 j (_)leF jl er l c (F) _nI(n-i~J) el f +H
) i l c r.I C(F+H)}

H" j-o n - l (2H)2-J j' O 2 (2H) 2-J

J
4DM 3(CflC(F) _ i ed c(F) ... j2er l c(F) _ e-~2e (, ..HI2 eric (F+ H)) _.Q.. 12 12FH+tt

2
)er t c (Ft-H) _.Q.. (er I c(F) .: (2H) i eri c(F) +(2H)2j I er ic (F))

~

H (2H)' 2H I (2H)2 h3 h3
II

E L.,D (Q!l2 [(3erlc(F) _ 2 ierfc(F).I ,j IcrlC(Fi)_

2 HI (2H)' 2H I
_e-F2elF+H)2 (3erfdF+H) + ' je r I C(F+ H)} ]

(2H)2 21-1

-
n _2D J5i "+~ - 1" ( 1: (n- i ) (-) I ell i I erfdF) _"r'(n - i ) 12CF+H) 2 i je rf d F+H»)
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2 _2DM J [(Zerlc(Fl_l . ierfdFlj_c-F2eIF+H)2ecrldF+H)+ l , j edC(F~H»)]
H

2
2H 1 2H J

D J5i"e-Fl{rcn- i-J )(-2Hl j eFI jjerlc(F)-
n H" j'O n-l ._11

(n-J -1 )(2H)J e( F+I1) 2i ic r lc (F+Hl)
j'O a

N

D~ {crldF) - e - rl e (F+H)2crfc(F+H»)II 1 ~ eric (F) - g12 (lFH+H
2)

er t c{F·H)
E --

2 D Wr[erlc(F) - e-F 2cCF+H )2{ cr!c( FtH) '" (2H) ier lc(F+H)}] .Q. er l c(Fl. L JW c' 12_.l..(1_ 2FH_2HZ) e(2FH +H
1
)e r lc(F·Hl

hZ h tt hI

3 D~J[c rf C(F) - C-FlC(F' H)2{crlc(F'Hl'" c-o ierf c(F.H) .. (2Hl ' i2cr f c (F+Hl)]

n (Q/5i"- ~-Flr( o J ) (_)In·j·q(2H){j+l)cCFtH)2jjerfc(FtH)
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~
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E
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Table [(continl/cel)

n (Q.)J5t n-l e-~7nf( ~ 1) (_)Cntil(2H)C jt2)e CF+H)2 i lerfc(F+H)
4 Hn j-n-zn-J-

0 1 (Q.) _1_ e-F2{(2H)~6t (FtH)-(2H)z e I F+H)2erfc(F+H)} ~Q... e-F2 _ Dh e 12FH+HZ) er t c(F-H)
II 4 HJBt '.fjf: 0 1ft

E 2 (f) ~2 e -F
2
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3 (~ l~ e -F
2
e I F+H)2 { (2H)J i ert c(F+H) - (2 H)4 i 2erfc(FI-H)}

n
(Q./iTI'nn-J e-",21'( ? )(-)Cn+I+I) (ZH)CjtJ)e I F+H)2 i jertc(F+H)
8 H I-n-) n-J-1

---;
1 (~) H10t e-

F 2 fir{(2H);(, (F.H) - Z(2H)2Ko (F-tH)} +(2H)J e CF_H)2 ertc (F+H)J _1_ (F-H) c- Fl_ Dh 2eC2FHtH2) crt c(FtH)
II

E mt

Z (~) H2~ C-
F2

[ (2H)2k Ko(F-H)- eCF+ H) \Z(ZH»)ertc(F+H)-(2H)4 icrfc(F+H»)]

lot-4
1 n-l 3' 1

n (~)~ e-F L(n-j-1 )(_)cnoJl(2H){j·4)eCF'HI jierfc(FtH)
H jon-4

N 1
(I~ )_1-J e - 1'2 (;fc{(2H) J(2 (F-H )-3(2H)2cJ{1 (F-H) +3(2H)JKo (F+H») - _1_ (F2_1_ 2FH +H 2) iF2 _ OhJC(2FH+H 2

j erfc(F+-H)
I

HJDt n: -(ZH)4elF-H)2crfdF+H)] .frW re 2 2
II

E
~~ )-2

1
- e - F

2Ur {(2H)2 XI (F+H) -3(21-1»)X'o(F+H~ +
2

H Ot if 1{4 5 )]+ C (F+H) 3(2H) crf c (F+H) -( 2H) i erfc(F+H)
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-e
E>
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::l
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Table 2. Comparison between the present and the previou s equ ations for exp ]_qx)/qm/(q+lr)" = 2'[/(t)] at 11 = 0

01 prcsent : re a ra nge d I pre vio u s [1,2 ,3] I
(_)'"OJl;Dt'"-kFI{"'"1 m-j-3t)ieF' iJer~C(F) _[(l_.m)(-) ie (F' IiI\ Jerfc(F.H))

I
I

D/4Dl "'-'2 i ",-'1crf ~( F)m I

l o( - 1 (2H)m-r2 J.....2")"1 (2H)m -,-z I
I.

L, D (4DI) e 'FlU ~~ ) e FZi1e r f c( F )-0) ::: D(4Dt} izeric(F} 02t {(1-2F')crfc(F) -k Fc-F'}

---
3 D,JlJSt e . F

Z{c1)eF~ ierfc(F)-O} = oJ7J5t ierfc(F) O..p:rn{ke _1" _ Fcrfc(F)}

2 Dc _F
t

( ( :~) e Fterfd F) - 0) ~ Oe rf c(F) oerfc(F)

1 _..Q..e-F~[o_-f.{(O)J{' (FtH»] " ~_D_e-FlJC'o(F) ~ e-
Fl

J45t ../ftO 0 If( J45t 1U

L,~t e -
F

Z[0 ...~ ( J)J{,(F~H)- ( 6)(2H) J{o(F. H)]] 2 D - F 2 _1_ Fe -FZ0 :::/7i. .flJ5t lC ~ (F) Jj[t

o -F'Z [ 2 ~ 2 2 2 ZJ{ }J 2 D -Ft 1 Z -F'-, -J45t3 e 0- JE (Z»){z(F+H)-(, )(2H) t(,(FtH)"'(O)( 2H) o(F'H) =.ffr. .flJ5t3 e J{'2 (F) 2Jrr.OP (2F - l )e

(4~t)2e-Fto+J{(~)J(3(F'H)-(~)(2H);(2(F'H)+(~)(2HiK'(F'H)-~)(2H)3XO(F'H~ = k.ior4e - f ' Jf)(F) 1 . ( 3 F) -Fz
-2 2..mOt'Z 2F -3 e

o
""""

:-i

~
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~..,
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relations for /I = 0 and m = -I, -2, -3 and -4,

f(t) = -(D 1/2 exp (- F2
) (J2 )+ 3lrD exp (- F2

)
4Dt) tt

x [exp(F2)erfc(F)]+3lr2D(4Dt)1/2 exp(-F2)

x [exp(F2)i erfc(F)]+h3D(4Dt)exp(-F2)

x [exp(F2Werfc(F)]. (17)

Meanwhile from a direct substitution of (111,/1)
= (4, -3) into equation (16), we can get the next
equation,

equation from equ ation (15),

Dh2

f(t) = [(4Dt)lOr exp ( - F2
)

X {[(2) exp(F
2
)i - 9 erfc(F)

2 (2H)2

(
2) eXP(F 2)i- S erfc(F)

+ 1 (2H)1

(
2) eXP(F2)i-7erfC(F)] }

+ 0 (2H)o +empt y . (22)

[(4DI)112]4- 2
fer) = (- )4D lr _3 exp (- F2

)

[

4 -2 (4 3 . 3)x L - :J- (_)J(2H)J-4+2
~ 4 - 3 - 2 4

x exp (F 2)ii erfc(F)+empty]

=Dh3(4Dt) exp( - F 2
)

x [ -(=~)(2H)-3 exp(F2)i- 1 erfc(F)

+(=~) (2H) - 2 exp(F2)erfc(F)

-(=~)<2fWI exp(F2)i erfc(F)

+'(=:) exp(F2Werfc(F)1 (18)

Here, the binomial coefficients with the limit value
calculation are used as

-(=~) = 1, (=~) = 3,

-(=~) = 3, (=:) = 1.

(19)

In the application of equation (15), the existence of the
second series for another combined variable may be
uncertain, but this is cleared by the empty sum rule.
Although this empty is stressed by a term 'empty' in the
latter equation, this is naturally zero. This example also
shows the identity between the direct and indirect
calculations.

Applicationto diffusion problems
Let us apply the derived equation (15) to boundary

value problems for diffusion which have been discussed
in rather complicated forms. Here the only procedure
which should be carried out is the fractionization of
subsidiary equations in terms of the fundamental image
function.

Example(1).Suppose the initial solute concentration,
CIQ' in a well-stirred phase I of volume V. A solute is
transferred from phase I to another phase, labelled II,
where the initial solute concentration is zero and the
diffusivity is D. It is supposed that the rate is controlled
by diffusion in phase II, that there is no mechanical
energy transfer between the phases, and that the flux at
the interface is in proportion to the concentration
difference between phase s I and II, where the propor­
tional coefficient is a constant K.

A set of boundary conditions can be written as

where

With the usual Laplace transformation method, a
subsidiary equation conc erning phase II is given by

_ hCro e-qx

CII = -- (25)
D (q2+hq+h1l')q

(26)

.'l'(CIl) = Cll , q = (PID)1/2
,

11 = KID a nd h' = VIA.

The denominator is rewritten into asimple quadratic
form,

This equation is constructed by a sum of III = -7, -6,
- 5 at /I = O. Therefore the original function for the
above equation is shown by

On the other hand, we can get directly the next original

It is quite clear that equation (18) is just the same as
equation (17). A combination of II and negative m does
not make any difference in the final form between direct
and indirect calculations.

One more example is with both negative m and 11,

values of - 5 and -2, respectively. From equation (17)
we have

D i - 9 erfc(F) 2hD i-s erfc(F)
fer) = [(4Dt)lJ2r + [(4Dt)1/2]S

h2D i- 7 erfc(F)
+ [(4Dt)112r . (21)
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In order to make the form exp( _qx)q-m(q+h)-', the
reciprocal of equation (26) is expanded into an infinite
series,

c" ~ h~" q[(q+~i~·(", ..-'f)J
(

1l
2

_hh,)k e-qx

hC/O ~ 4
- - L... ~ -::7-:~- (27)

D k=O q(q+ ~Yk+2

or letting k start from 1,

ic cc (h 2 )k-l e- qx

Ell =~ L - -hh' (J )2k' (28)D k=O 4 1
q q+2

Since the images in the above equation are assigned for
Ill, II and h to 1, 2k and h/2, respectively, the inverse
relation is possible. Namely the concentration profile
CII can be expressed as

CII = hC
IO

exp( _F2) f (h
2

_hh,)k-l [(4Dt)I/2]2k-l
k=1 4

x eXP[(F+ ~Y}2k-l erfC(F+ ~} (29)

or a slightly altered equation becomes a solution of the
problem,

exp (- F 2
) 00 2 , k

Cll = 2C/O I 41' )1/2 I (h Dt -4Dthh)
(1- 1)(Dt k=1

X eXP[(F+ ~Y}2k-l erfc(F+ ~} (30)

This problem has been already solved elsewhere [1].
The previous analysis used a factorization of the
quadratic form q2+ hq+hh' as

q2+hq+hh' = (q+rx)(q+fl) (31)

and partial fractionizations of (q + «) and (q + fl). This
procedure gives the solution as

11
CII = CIO - - {exp(rxx+rx2Dt) erfc [F +rx(Dt)I/2]

fl-!'J.

-exp (flx+ fl2Dt)erfc [F + fl(Dt)I/2]}. (32)

Therefore the present and previous solutions must be
identical in spite of the apparent dilTerences between
them.

Before giving the proof for this identity, let us
compare the two equations. The earlier solution has a
simple form but takes complex variables if the
discriminant of equation (26) has a negative value. In
that case error functions of complex variables are
involved. This makes the analysis cumbersome in spite
of the simple form. Meanwhile, the present result has
more complication only in the characteristics of the
systematic forms and the avoidance of complex
variables. Both of these will facilitate the analysis.

Next, the identity for real rx and pwill be given.

Proof Let us introduce an auxiliary function g(~)t,

where eis an arbitrary real variable,

g(~) = exp {[~(Dt)I/2 + F]2}erfc WDt)I/2 + F]. (33)

Expanding as a Taylor series at .; = h/2, we can get

g(~) = Jo [-(4Dt)I/2]k exP{[G)<Dt)l/2+ FJ}
x i

k
erfC[G}Dt)1/

2+ FJ[~-G)l (34)

Because ~ is arbitrary, to make g(rx) and g(fl), sub.
traction gives

g(rx)-g(fl) = k~O [_(4Dt)I/2]k eXP{[(~)+FJ}

Furthermore, suppose that with a + fl = h,the last term
in equation (35) is rearranged to give

(36)

where only odd k's determine the nonzero values
2[(rx- fl)/2r.Therefore renumbering for k, we have the
following equation for g(rx) - g(f/):

'" (rx fl)2k-lg(rx)-g(fJ) = -2 L [(4Dt)I/2]2k-l -=-
k=1 2

Substituting equation (37) into equation (31) and
rearranging for exponentials we arrive at

h 00

Cn = C/O ( WeD )1/2 exp( _F2) L [(rx _fl)(Dt)I/2]2k
rx- t k=1

Now, remembering equations (26)and (27),

a+fJ = h, afl = hh',

and making use of the perfect-square form,

(rx-fl)2 = h2-4hh'.

tThis function or generally exp(x2)i" erfc(x) is more
recommendable than i" erfc(x) in analyses. When n is larger,
i" erfc(x) will take smaller values with poor precision. It may
be dangerous to conclude at a glance that i" erfc(x) with larger
n is negligible because it often appears together with some
multiplicating factor which includes the parameter nand
which may have a significant value. From such points of view
as the precision and the formalism, the auxiliary function
g(x) will play an important role in various analyses. Some
relationships of g(x) with i" erfc (x) will be reported later.
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(40)

(41)

Substitution of these into equation (38) gives equ ation
(30). Thus the identity has been proved.

Example (2). Let us con sider next a problem with a
restricted region of x (0 ~ x ~ 1), where the initial
concentration Co is constant. Suppose that a solute
moves out through one of the boundaries, x = 1, to
the other phase. The flux at x = 1 is in proportion to
the concentration and there is no flux a t x = O.

A subsidiary equation in the restricted area is given
by equation (39)

d2e 2 - Co
dx 2 -q C = - D' (0 < x < I). (39)

The boundary conditions are

de
dx = 0, at x = 0,

de _
dx +lzC = 0, at x = I.

A solution for e of equation (39) is

e = Co _lzCo cosh (qx)
p D q2[q sinh (ql)+lz cosh (q/)r (42)

An inversion of Co/p is straightforwardly Co, but
the second term in the equation has a rather compli­
cated form. This term can be simplified by changing
hyperbolic functions into exponential functions,
and reforming the equation into terms of the type
exp( _qx)q-m(q +lz)-n. This gives

cosh (qx) e-q(I -,,) +e-q(/+x)
(43)

q sinh (ql)+11 cosh(ql) (q+lz)-(q-IJ)e- 2q
l'

and taking a reciprocal of a denominator in equation
(42) gives

1 cc (q+lz-2lz)J e- 2qlJ
" (44)

(q+lz)-(q-lz)e- 2ql J:--o (q+1l)l+1 .

Applying a binomial expansion to (q+II-2h)j gives

(q+lz-21l)l = Jo (i) (q+h)J-l(-21J)i. (45)

From equations (42}-(45), we get the image relation

- Co Coli ~ ~ (j) lC=--- L- L- _ (-211)
P D J=Ok=O k

x(e-qU2j + 1)/-"1 _ e- q[(2j+
1)1+"1) (46)

q2(q+h)HI q2(q+lz)HI'

The inversion of the image function can also be written
out as

C = Co-Co j~O Jo (i)<-2)l

X {erfc(~ _)+erfc(~+)-exp( -~:.),t (2H)'

x cxp [(~ _ + Il)2] i" erfc(~ _ + ll)

l

-cxp(- ~;') L (2H)' exp[(~+ +H)2] i'
r=O

(2j+I)/ -" (2J+ 1)1+"
(.$.Dt) 1/ 1 or (4Dr)1 1l

(47)

Taking out a term for j = 0 corresponds to a known
profile [1],

C = Co-Co {erfc[(41~;:/2J+erfc[(41~):/2J

-exp [h(l-x)+ lz2Dt] erfc[lz(Dt)I/2 + 1-':/2J
(4Dt)

- exp [lz(l+x) + lz2Dt] erfc [h(Dt) + 4:~;:/2] + .. .}­

(48)

CO:,\CLUSION

When dilTusion problems are analyzed by the
Laplace transformation method, we meet frequently
typical image functions in the form of

exp (_qx)q-m(q+lz)-n.

It has been usual for relations between these images
and their original functions are tabulated or treated
for every m and II . The present equation can cover
the previous relations. In addition to this, two dif­
fusion problems which arc rather complicated are
systematically illustrated with the generalized relation.
As the examples show, the method which uses the
decomposition of the subsidiary equations into
polynomials of the type 2:C,.. exp (_qx)qm(q +lz)" is
not restricted to a single form but it may be possible to
combine increased m and decreased II or vice versa .
However this does not deny the uniqueness of the
solution but apparent differences may be eliminated by
some formulas for integrated error functions.

In order to evaluate numerically the analytical
results computers will be required. Therefore, it will be
necessary to est imate the effect of the relationships
between arguments and integral orders in error
functions on computing time, as well as the choice for
polynomials.

REFEREr-;CfS

1. H. S. Carslaw and J. C. Jaeger, Conduction oflleat in Solids
(2nd edn.). Oxford University Press, Oxford (1959).

2. J. Crank, Mathematics of Diffusion (2nd edn.). Clarendon
Press, Oxford (1975).

3. A. Erdelyi, W. Magnus, F. Oberheuinger and F. G.
Tricomi, Tables ofInte gral Transform s, Vol. I, pp. 245-247.
McGraw-Hili, New York (1954).

4. T.Shibata and M. Kugo, Notes on Laplace transformation
formulas for the difTusion at the Cartesian coordinates and
on some characteristics of i" erfc [x), Bull. Fac. Engng
Ilokkaido Univ. No. 99, 35-48 (1980).



1026

(_) n.;. , (l-m )
n-J-l

T. SIiIDATA and M. KUGO

non zero
but
not used

(-r-j(m--J-Z) t

(
m+n- i - 3) (m+n-i-3) .FIG. 2. Binomial coefficients and . Shaded blocks are used in this treatment.

m-2 n-l

5. A. Erdelyi, W. Magnus, F. Oberhettinger and F. G.
Tricomi, HigherTranscendental Functions, Vols. I and II.
McGraw-Hill, New York (1953).

APPE1':DIX

EXTE1':DED B11':O:\IIAL COEFFICIEl\T FOR
1':EGATIVE ARGUMEl\TS TOGETHER WITH

POSITIVE 01':ES

The standard binomial coefficient is defined as

(:) = s!(:~s)!
where r, sand r-s are not negative integers. But here.Iet us
extend rand s to be any integers which may be constructed
with two or more integer variables in order to make a wider
coefficient. We call this simply 'the coefficient', or the 'extended
binomial coefficient'.

In order to calculate the coefficient, let us rewrite the
factorial functions with the aid of gamma functions,

(
r) r(r+ 1)
s = r(s+ I)r(r-s+ I)"

Now, for coefficients with three gamma functions, it may be
possible to classify them according to whether their arguments
are positive, negative or zero,

(i) r+ 1 ;:. I, s+ 1 ;:. I, r-s+ 1 ;:. 1
(ii) r+ 1 ;:. I, s+ 1 ;:. I, r-s+ 1 < 1

(iii) r+ 1 ;:. I, s+ 1 < I, r-s+ 1 ;:. 1
(iv) r+l ;:'1, s+1 < I, r-s+l < 1
(v) r+ 1 < I, s+ 1 ;:. I, r-s+ 1 ;:. 1
(vi) r+ 1 < I, s+ 1 ;:. I, r-s+ 1 < 1

(vii) r+l < I, s+1 < I, r-s+l;:'1
(viii)r+l<I, s+I<I, r-s+l<1.

In the above classifications, (iv) and (v) are not possible
because of the contradiction among the conditions. In
addition, the coefficients in the cases (ii),(iii) and (viii) are zero,
since a value in the denominator is infinite from the definition
of the gamma function with non-positive integer arguments.
The case (i) follows the usual manner. In the remaining cases,
(vi) and (vii), two infinities, onein the numerator and the other
in the denominator make the coefficients indefinite. But they
may turn out to be definite with the limit value calculation by
the aid of functional equations.

Therefore the coefficient can possess an original form and
two other forms. The additional forms can be rewritten in a
cyclic way with the two reversible equations (8) and (9).

Next, the variation of the two actual coefficients which
appeared in the main description with the integer parameter
set U,m,n) is shown in Fig. 2, provided that the three
parameters are all less than 5. In order to reduce the intricacy
somewhat, the blocks which are formed with non-zero
coefficients but not used because of the empty-sum rule, are
removed from the cubes. The remainder contains three zero­
valued blocks. In the numerical calculations, these may also be
excluded. Concerning the final non-zeros, the coefficients with
negative terms are rewritten as usual with the previous
reversible formulas and the results are noted.
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GENERALISATION ET APPLICATION DES FORMULES DE TRANSFORMATION DE
LAPLACE POUR LA DIFFUSION

Resume-On generalise la relation entre la fonction image du type e-qxq-m(q+h)-n et son original j'(r),
L'equation resultante est donnee pour tout couple (lII,n) et quelques problernes de diffusion sont analyses
facilement et systematiquernent. On donne de plus quelques natures caracteristiques reliees ala fonction

d'erreur.

VERALLGEMEINERUNG UND ANWENDUNG VON LAPLACE­
TRANSFORMATIONSGLEICHUNGEN AUF DIE DIFFUSION

Zusammenfassung-Dievorliegende Arbeit verallgemeinert die Beziehungzwischen Bildfunktionen,wiez. B.
vom Typ e-qxq-m(g+h)-n und ihren Originalfunktionen j'(r), Die sich ergebende Gleichung gilt Iiir jedes
ganzzahlige Paar (m,n) und eignet sich zur leichten und systematischen Losung einiger Diffusionsprobleme.

Zusatzlich wird auf einige charakteristische Umstiinde beziiglich Fehlerfunktionen hingewiesen.

OEOEIUEHl1E 11 npl1MEHEHl1E nPEOEPA30BAHl1H JIAnJIACA ,uJI5I
Onl1CAHl151 ,u11¢J(1)Y31111

AHHOTaHHII-,uaHO o606l.UeHHOe cooraoureune, CB1l3bIBalOl.Uee ofipaast !jJyHKUIlIl Tllna
e-qxq-m(q + h)-n c IlX oparuaanaxm 1(1). Ilonysensr peaynsraru lL'lll JIIo6oi.! napst uenux '1IlCe.1
(m, n), 'ITO n03BO.111eT nerxo II cIlCTeMaTIl'leCKIl auarnnnpoaan, aesoropsre sanasa LlIlepepY3IIII. KpOMe

roro, paccxrorpeast nexoropue caoacrsa !jJyHKUllii ounstiox.
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