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Abstract—The present work generalizes the relation between lmage functions as e “%*¢~"(q+ h) " and their
original ones f(2). The resultant equation is valid for any integer pairs (m, n) and it will analyze some diffusion
problems easily and systematically. In addition, some characteristics of error functions are mentioned.

NOMENCLATURE
AV, area and volume;
D, diffusivity; .
¢, arbitrary constant but 0 < ¢’ < 1 or
=1/2;

F,H, variables x/(4D1)V? and h(D1)'?;
i, K/Dand V/A;
Jok,myn,r,s, integers;
K, constant;
[ distance;
Z, Laplace transformation operator;
Z~1,  inverse Laplace transformation

operator;
9, parameters for Z[ (1))

[+ o}

f(®)e™? dt and q = (p/D)"/?;
(V]

t, time;

1), original function;

g(é), auxiliary function;

i" erfc(é), integrated error function
o

i"71 erfc (&) d& with i® erfc (&)
z

= erfc() = (2/J/n) L exp(—¢£%)d¢;

H,¢),  Hermite's polynomials,
(=) exp(&?)(d/dEy exp(—&3);
r(), gamma function;
1(8), unit function;
- [mf2], Gauss symbol;

m+n—j . . .
( a1 J), extended binomial coefficient ;
o p,

reals, a+f =h;

0, initial ;

LII, phases L 1I;

-, Laplace transformed.
INTRODUCTION

IT 15 well known that the Laplace transformation
method has been frequently used to study many
diffusion problems for mass and heat transfer. In an
analysis of some partial differential equations for the
diffusion with the transformation, the related sub-
sidiary equations arc usually written in terms of charac-
teristicimage functions such as exp(—gx)q~"(q+h)~".

The image function uniquely corresponds to its
original one with the preparation of a set (m,n).
Consequently, if the relation between two functions
could be unified and calculated for any integer pair
(m, n), the solution of many diffusion problems could be
greatly simplified.

Carslaw and Jaeger [1], Crank [2],and Erdelyi et al.
[3] have tabulated many individual Laplace trans-
formation formulas for lower pairs of (m,n) values.
These have often been very useful. However, it is
necessary for any higher (m,n) values to deduce a
suitable relation corresponding to one of the pair or to
derive one of the formulas from the fundamental
definition of the inversion theorem. This may be very
time consuming.

The purpose of the present work is to obtain a
generalized relation which is applicable to an arbitrary
integer pair (m, n) where, of course, negative mand/or n
may be present. Comparisons between the present
result and the previous discrete relations are presented
instead of a proof of the new equation (which is possible
by the inductive method), together with some illus-
trative examples of diffusion problems.

DERIVATION

Let an original function be given by f(¢) with respect
to time. Thef(1)is, infact,dependent on space variables,
diffusivity and so on, as shown later, but these are
neglected for simplicity.

A definition for the transformation is given by the
following equation in the usual way:

—qx

ray Y

j S di = 2{f(0) =

where
q = (p/D)'%. )]

Furthermore the notation . !, the Laplace inversion
operator, will be used for convenience,

— -1 __i
=2 [q"‘(q+h)”:|' G)

In order to obtain the original function f(¢) from its
image or vice versa, various methods are available.
Here it is advantageous to introduce an operator
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(h—d/dx)" into equation (3) and to solve the resultant
ordinary differential equation (4), because charac-
teristic relationships between diffusion phenomena and
error functions may be used,
e ¥
qm(q+hy

dy _ dy
(h—a> SO=2 1[(11—5)
=$-'[°—:x]. @

q

This equation can be solved and gives the following
solution under the conditions of m = 2andn > 1:

e

_g?-l[ ”'(q+h)”]m>z =(-)"D

m=—2
x exp(— Fz){z, (m+:_j 3)(—)J(ZII)"_"'+2

(2H)m 2

=T

i=0 ) 1
n—1 —- __
x exp(F)il erfe(F)— 3 ('"+" ] 3)(2}1)1""'+2
i=o m-—2
x exp [(F+H)*]¥/ erfc(F—i—H)} &)

because the following relation is valid

1 (:; :k) = D[(4D)2T i erfc(F)  (6)

wherek =0,1,2,....

On the other hand, for m < 2, if mis forced to assign
inconvenient valuesinequation (5), therule of anempty
sum means that the sum will be zero. Therefore the
series in the original function does not depend on the
variable x/[(4Df)"?] but on the combined term
x/(4D)'2 + (D)2,

With a change in the order of k in (h—d/dx)* or
extending k in equation (5) to negative values, the same
procedure as at m > 2 gives the following equation:

(ZH)"' 2

m+n mta—2

_?—-1[ e ™ ] _( )m+l
q"(g+h) Jn=2

nl (m—*-n—j—3

xexp(—F3) Y ) )(211)”‘"‘+2
j=m+n=-2 -

x exp [(F+ H)*}¥ erfc(F+H) (7)

where the coefficient <m+n —j-3
m—2
binomial coefficient, as explained in the Appendix.
The coefficient which includes any negative elements
can be classified into three types at most, and each of
these may be evaluated with the aid of a gamma
function and its functional formulas. In some casés the
limit value calculation has to be carried out using the
following two formulas:

) is an extended

r(—¢+k)= o TE+D 3
=9 =) Te—k+1y )
MO L T(—&+k+D)
re-5 -V R=esp - @
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Equation (9) may be used for the reverse procedure to
equation (8) and vice versa.

Now, comparing equation (5) with equation (7), it is
clear that the extension of m from positive to negative
does not change the basic form of the relation, but lets
the first term in the remainder series start from a
different index.

Therefore, it is also considered that there is no
essential difference for the extension of n to negative
values. Thus, it may be concluded that only the initial
termin the first series of equation (5)should be changed.
If m = 2, then

T ]
qrg+hyr mz2

m=2  (m+n—j—3
FZ
) X ( n—1

j=m+n-2
x exp(F?) ¥ erfc(F) (10)

(2H)m—-2

hm+n—2

= (=)D

x exp(—

)(—)f(zH)f'm+2

where the exponential.forms are not climinated on
purpose because of formalization. In the remaining
case, n < 0 and m < 2, repeated differentiations of the
image function and the original one with x give

]m+n Jm¥n-2

[
L —
["'(q+h)"
m2 (min—j—3 , .
-F) ¥ ( o )(—)f(zﬁ)' 2
Jj=m+n-—-2

x exp(F) ¥ erfc(F). (11)

x exp(

The integer jin part of equations (7) and (10) and all j
in equation (11) take negative integers. Under such
conditions, the function i erfc() seems to have not
been used widely. But the function with negative j may
be especially recommended in differential or integral
analyses for the group of error functions since repeated
integrations are just differentiations with negative
orders (and vice versa).

Now, let us introduce Hermite polynomials defined
as

H (&) =(=)" eXP(éz)(dé> exp(—¢?)

(mi2) ()it (2E)— 2
= ———.), ——. (12)
j=o Jlm—=2j)
Then we can express i/ erfc(x) with negative j as follows
(- —m):

exp(§?)i"erfe(d) = (jn)Hm—n(f), (m=1). (13

Therefore equation (11) has the following form:

o e® @H)"2
Y =(—Y"D-———x
[q’"(q+h)"],'."£c? D s

2 "2 (mi4n—j-3
xexp(—Fz)j;z Y ( J )

jsm+n-2 n—1

x (—YQHY ™ 2H_, \(F). (14)
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F1G. 1. Particular formsin parts of binomial coefficients and the first suffix inequation (15). Quadrants I-1V are
sectioned by two dashed axes.

Equations (7) and (10) may be rewritten in terms of
Hermite functions at required points where j < 0. As
mentioned above, expressions between the image and
original functions are slightly altered according to
whether m and n are greater than 2—¢’ or less than
1—¢, respectively. The numeral €' is real 0 < ¢’ < 1,
and for simplicity, let itequal a halfinteger 1/2 here. The
differences in the equations are taken away with the aid
of a unit functiont as

S
P - |=(—)
[q’"(q +h)"] (VD

m=-2

(ZH)M 2

Im+n qmin—2

x exp(—F?)

Jj=(m+n=2)[1-1(n—1/2)]

m+n—j—3
n—1
% (—=)(2H)I~™*2 exp(F2)i’ erfc(F)

(m+n—j—3> QH)-m+2

i=m+n=212-v) m—2
x exp [(F+ H)*] i/ erfc(F + H)

n—1

(15)
where

v=1m—-3/2)+1n—-1/2).

Modified forms for the extended binomial coefficient
‘and the first index in the series are shown in Fig. 1.

APPLICATION AND DISCUSSION

Comparison with the pretious equations

The generalized equation (15) can be proved by the
induction method. But here, instead of this, we will
illustrate how all previous equations are covered by
equation (15).

The case n > 0 is shown in Table 1. The previous

1 The unit function 1{¢) has values of 1, 1/2 or 0 for { > 0,
{=0, £ <0, respectively. The arguments in the forms of
(2m+1)/2 [or (2n+1)/2] eliminate the case where functional
values are of one half.

HMD 26:7-E

equations [1-3] and the present one seem to be slightly
different at first glance, but thisis because the integrated
error functionsi were not used in the earlicr works.
Therefore, these are actually quite trivial. The present
results have rather complicated forms but they are
clearly systematic and have wide applicability: any
change in n may be easily followed.

Table 2 shows results for the case of 1 =0 and for
various m. The present results are also shown in both
intermediate and rearranged forms. In this case only,
however, it is not always necessary to carry out the
analysis via the combination of Hermite functions,
because a direct calculation from equation (5) is
possible both for positive m (strictly speaking m > 2)
and for other m with the aid of a relation between the
integrated error functions with negative orders and a
single Hermite function. The equations in Table 2
reveal an interesting feature of Hermite equations
which have a combined variable—they can be
transformed to single variable functions with simple
manipulations.

An original image-relation with negative » has not
been found in previous tabulations. Hence, let us
examine the case for n < 0, which is also explained by
the present equation. If his considered to be merely one
of the parameters in the expression (g + )", <o, this can
be binomially expanded for q.

Considering that both the whole original functions
for exp(—gx)q~™ have analogous forms, and that the
Laplace transformation has a linear nature, we can
write equation (16):

© [ TP gonmiempd emex
=Y < i )q e ¥ = L[ f(0]

=0

e ¥

qrq+hy"

n<0

_ (16)

For example, let us consider an original f(t) whose m
and »n are arbitrarily 4 and —3, respectively. This
solution can be constructed from some standard

 Integrated error functions have been discussed by D. R.
Hartree, AMfem. Manchr. Lit. Phil. Soc. 80, 85-102 (1936).



Table 1. Comparison between the present and the previous equations for exp (—qx)/q™/(g+h)" = LLf(t)] at n > 0 where F = x{4Dt)"/? and II = i(D1)*?

[m,n “ present previous [1,2,3]
n I.Dmmze"z{ (- J+l)(-)jeFZiierfc(F)_""(n-j+1) e FHHO? o (FeH)
H" .o n-1 (2H)Z-j o 2 (ZH)Z-j
3 . 2 “F2_(Fem)l .
< |1 sp 0 {crfch) Jlerfe(F) | erfelf) e’ e ""rlfC(F"H)} IUAPL HZ)tzrfc(FfH)--Q—{erfc(F)—'(ZH)ierfc(F-')«x(ZH)zizczrfc(F)}
" H % (2n) 2H 1 (2H) h h?
E p OU? [(3eric(F) 2ieric(F) Lieric(E))
2 H? (2H)* 2H |
—g-Flp (Feh)2 {3erfc(F+H) L ierfc(F0H)}]
(2H)? 2k
_op D™ Ryl y (= M efilertc(F) nt n-j e (FrH)? g ric(FrH)
n 0 '—n Z( ) T }
(2H)™ , 2o 2H)! .
o Dt yerfc(F) _iertc(F) e F eF*" erfc(F+H) Zj[_)’—t -F2_ 1+2FH D 2
wlqll -20 - L o FTL ARET R orfe(F) + % P M) o ric(FeH
e H{ 2H ; oH } hy 7 h? hi c(FeH)
2 [{2erfc(F) 1|erfc(F)} eF? e(nu)2{2crfc(F+H)+ l-ierfc(F+H)}]
2H 1
n .
" D‘litn- {Z(n’ Vye2H) e iderfc (P -
T @ et tierse(ran)
=0
~N
JDt Y .
g 1 D -—?_{—t{erfc(F) e~ Fle tFH) crfc(F+H)} %czrfc(F)——D—tz“FH Hz)ezrfc(i-'«H)
2] D %‘T[ ertc(F) = e F e FH (erfc(FrH) + (2H) iert c(F+H))] %erfc(F)_ %@e-ﬂ_#(LZFH_ZHZ)Q(ZFH'Mmc(pH)
3 f_;[rfc(r) e e @M erfc(FeH) + QH) ierfc (FoH) « (2H) ertc(F+n)]]
Q__Jli_' -F2Y (R ot) o (v Rk
n (2) 0 1“21(n j- 1) -) (2H) i'erfc(F+H)
T DeFretF i eric(Fen) DM Derfc(FaH)
E
20 200t e et P ieric (Fah) zf%’ze-f’-(2D’ht+2DfﬁtF)e"‘“‘“”mc(Fm)
3| oot Pl Fem 20 e (Fe) -

090 ‘] PuB VLVEIHS L



Table I (continued)

(D)oL’ "’z( ) (=) Y (oI G (P e ()
4 " n- ] -1

’\

E)H/_t ‘Fz{(th_f&fo (FeH)= 2HY ¢ 0 eric(Fer))

% ! - Dhe T ot c(FeH)

(_)_2_ . ze (Feny? {(2H)2erfc(F+H)- (ZH)aierfc(F*H)}

k]
-2hf‘% ¢ "2+ D(1+2FH+2H?) ZFHH %) g ric (FoH)

& )f— e M) erto(FH) - (2H) iTerfc(FeH)

n-3 - e j H
(g—)lm,: Q'anzl(njg : y (=)' D o) Pt Fem TG e (Fa)
H PR

L (F-H)e-F2 Dh2e ™) o ric (FiH)

Dy 1 o-F3[2 Y- 2 +(IH)3 g (FHH )2
; (8>Hm [ﬁ{QH)K,(F H)- 2(2H) df(:(F+H)} (2H)e ertc (F+H)| T
Q= J_ S O VAR {221 erte(Fer)-(2H)" icr fe(FrH)]
) ,rH— z(n D i g e (F o)
D, 1 1 2 1 _2FH 2y -F2 3 (2FHeH?
~ (_) [ {(2H)K2(F’H) 3(2H) dfl (F,H),3(2H) KO(FOH)}— —J(F ———a s )Z -Dh’e ’erfC(F+H)
! 16 HJD‘3 - (2H)* e‘F’“’zerfc(F*H)] JmD It 2z
£

1 -r:2 \ .
Ry [/_{(ZH)Jf (FH-3(24) "Wy FeH)) +
e P+ {32H) erfc (FeH) ~(2H) ierte (FrH) )]

uolsnyip 10J se[nui10] uoljewojsuel aede]
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Table 2. Comparison between the present and the previous equations for exp (—qx)/q™/q+ )" =

2LLf@)]atn=0

present , rearanged previous [1,2,3]
- ~ JoF2if 1 1. N ip(FeHL ] ric(F+H " .

P DVET™ Fz{ m;(i)()(;H)\:r);:(ij Jrf;l()t(’-ZH)mlezc(F )} | D/ZBE™ 2 "erfe (F)
D(ADt)e-FZ((_‘})eF’ ertc(F)-0) = D(4Dt)iterfc(F) ot {(12FYerfe(F) - & FeF?)
D J4Dt e'FZ{(j)e”2 ier{c(F)—o} = DVZDlieric(F) D\/ITDY{JLT—Le‘FZ— Fcrfc(F)}
De (e eric(F)-0) = Dertc(F) Derfc(F)

D ,r2 2 [0 2

—JﬁeF [O_E{(O)K"(F’H)}J =FZ[T: Ko(r) jge F

Do 2 ((]) (! . .20 cF 1 poF?

257 ¢ [0 A (DR~ (om HalF )] Rt R | A Fe

D 1 :
ik [0-—{(2)K2(F+H) Fyzm £, (FoH)+(§) 21 ot oH))] JZ{_ ) AT (2F%-1)F*

(Lm),e "’[oz,r%{g)K,(F-H)—(;f‘)(zH)J{szH)+(?>(2H>2t(.(F»H)-<g>(zH>d(o(wy}] = JA AR Z—J—,%g (2F°-3F )™

[440)\
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Laplace transformation formulas for diffusion

relationsforn =0and m = —1, -2, —3 and —4,
D 5 2 s
f(t)=W€Xp(—F) = +3hD exp(—F?)

x [exp(F?)erfc(F)]+ 3h2D(4D1)"? exp(—F?)
x [exp(FY)i erfc(F)] + 1 D{dDs)exp(—F?)
x [exp(F?)i? erfc(F)]. 17

Meanwhile from a direct substitution of (m,n)
= (4, —3) into equation (16), we can get the next
equation,

[(4Dy)'2)*~2
B3
422 [4-3-j-3

xL ) ( ) )(—)f(zﬂ)f"‘“

4-3-2

f=(=)p exp(—F?)

x exp(FH) ¥/ erfc(F)+ empty:I
= DK (4Dt)exp(— F?)

X [—(:Dm{)* exp(F)i~! erfc(F)
+(:i) (2H)~? exp (F?)erfc(F)

—(j) (2H)™* exp(F)i erfc(F)

+ (::) exp(F?)i? erfc (F)].

Here, the binomial coefficients with the limit value
calculation are used as

() (5)-
(7= (5)-r

It is quite clear that equation (18) is just the same as
equation (17). A combination of n and negative m does
not make any difference in the final form between direct
and indirect calculations.

One more example is with both negative m and n,
values of —5and —2, respectively. From equation (17)
we have

L) =q" e —2hq® e~ "+ h*g5 e, (20)

(18)

(19)

This equation is constructed by asum of m = —7, —6,
—5 at n = 0. Therefore the original function for the
above equation is shown by

D i~ ? erfc(F)
[@D)"T°

20D i™® exfe(F)
[(aDn'=3®
1D i~7 erfc(F)
[y’

f@) =

@

Onthe other hand, we can get directly the next original

1023

equation from equation (15),

= exp(—F?)

Dh?

« {[(2) exp(F2)i~? erfc(F)
2 H)?

N 2\ exp(F3i~® erfc(F)
1 H)!

+<2) exp(F3)i~7 erfc(F)
0 (2H)°

:|+ empty}. (22}

In the application of equation (15), the existence of the
second series for another combined variable may be
uncertain, but this is cleared by the empty sum rule.
Although this empty s stressed by a term ‘empty’ in the
latter equation, this is naturally zero. This example also
shows the identity between the direct and indirect
calculations.

Application to diffusion problems

Let us apply the derived equation (15) to boundary
value problems for diffusion which have been discussed
in rather complicated forms. Here the only procedure
which should be carried out is the fractionization of
subsidiary equationsin terms of the fundamentalimage
function.

Example(1). Suppose theinitialsolute concentration,
Cyo, in a well-stirred phase I of volume V. A solute is
transferred from phase I to another phase, labelled II,
where the initial solute concentration is zero and the
diffusivity is D. It is supposed that the rate is controlled
by diffusion in phase II, that there is no mechanical
energy transfer between the phases, and that the flux at
the interface is in proportion to the concentration
difference between phases I and II, where the propor-
tional coefficient is a constant K.,

A set of boundary conditions can be written as

dc
V—dTl +AK(C,—Cp) =0

(23
x=0,t>0.

ac
Da—x" +K(C—Cyp =0 (24)

With the usual Laplace transformation method, a
subsidiary equation concerning phase II is given by

o Gy
"D (g*+hq+hi)gq

e~

(25)
where
F(Cy = Cn q= (P/D)”z,

h=K/D and I'=V/A.

The denominatorisrewritteninto asimple quadratic
form,

m\? , W
q*+hg+hit = q+§ + hh—? . (26)
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In order to make the form exp(—gx)q~"(q+h) ", the
reciprocal of equation (26) is expanded into an infinite
series,

C wa

"=p +Ix 2+ Wit 2\
Z 1y — —
43 T3
12 k
(%—hh') e 9

e 9

hCyy 2
=D kgo FAVIEE] @7
f1<¢1+ 5)
or letting k start from 1,
. hCyp 2 (h? k-1 gmex
Cyp=— — —hl 2
i D 'Z:O <4 n i (28)

q (q + 5)

Since the images in the above equation are assigned for
m, n and h to 1, 2k and h/2, respectively, the inverse
relation is possible. Namely the concentration profile
Cy; can be expressed as

2

«© ] k-1
Cy=hCy exp(—F?) ¥, (—:T —-hh’) [(4Dp)t/2]2x~1
k=1

X exp [<F+ g—)z]iz"" erfc <F+ g) 29)

or aslightly altered equation becomes a solution of the
problem,
exp(—F%) 2

) A S 12Dt — .
(h—4k) (D)2 kgl (h*Dt —4Dthl'y

2
X exp [(F+ —}21) ]iz"" erfc (F+ g) (30)

This problem has been already solved elsewhere [1].
The previous analysis used a factorization of the
quadratic form g2+ hg+ i as

g2 +hq+hl = (g+2)(q+f) 31

and partial fractionizations of (g +«) and (g+ f8). This
procedure gives the solution as
h

Cy= Cp Pa {exp (ox +a?Dt) etfc [F +«(D1)'/?]

—exp (Bx+ 2Dy erfc [F+ (D3]}, (32

Therefore the present and previous solutions must be
identical in spite of the apparent differences between
them.

Before giving the proof for this identity, let us
compare the two equations. The earlier solution has a
simple form but takes complex variables if the
discriminant of equation (26) has a negative value. In
that case error functions of complex variables are
involved. This makes the analysis cumbersome in spite
of the simple form. Meanwhile, the present result has
more complication only in the characteristics of the
systematic forms and the avoidance of complex
variables. Both of these will facilitate the analysis.

Cu=2Cy

T. SHisaTA and M. KuGo

Next, the identity for real « and f# will be given.

Proof. Let us introduce an auxiliary function g(¢)t,
where ¢ is an arbitrary real variable,

g(¢) = exp {[£(DN)'/* + F}*}erfc[E(DN'* +F).  (33)

Expanding as a Taylor series at & = Jif2, we can get

it 2
g@) = 3 [—@Dn)'*} eXP{[(g)(Dt)”2+F] }
k=0

x i* erfc [(g) (D)2 + F] [é - (g)] . (39)

Because ¢ is arbitrary, to make g(x) and g(f), sub-
traction gives

i 2
o)—g(B) = 3 [—(@D)"T exp {[(§)+ F] }
k=0

SN E )

Furthermore, suppose that witha -+ = h, thelast term
in equation (35) is rearranged to give

{-GI-Gn-02-(5)

(36)

where only odd k’s determine the nonzero values
2[(x—p)/2]~ Therefore renumbering for k, we have the
following equation for g(«) —g(f):

© _ 2k~1
9@ —g(h) = —2 ¥, (@) (52—‘6)
k=1

X exp l:(g- +F>2]i2"" erfc [(521—)+F:| 37

Substituting equation (37) into equation (31) and
rearranging for exponentials we arrive at

Cu=Cyo exp(—F?) i [(x—B)(DD*]**
k=1

h
(x—py*(Dr)'?

X exp |:F+<§)z]i2"” lerfc [F+(§):| (38)

Now, remembering equations (26) and (27),
a+f=h aff=h,
and making use of the perfect-square form,

(x—p)r = h*—4hh.

1 This function or generally exp(x?)i® erfc(x) is more
recommendable than i* erfc(x) in analyses. When n is larger,
i erfc(x) will take smaller values with poor precision. It may
be dangerous to conclude at a glance thati® erfc(x) with larger
n is negligible because it often appears together with some
multiplicating factor which includes the parameter n and
which may have a significant value. From such points of view
as the precision and the formalism, the auxiliary function
g{x) will play an important role in various analyses. Some
relationships of g(x) with i erfc(x) will be reported later.
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Substitution of these into equation (38) gives equation
(30). Thus the identity has been proved.

Example (2). Let us consider next a problem with a
restricted region of x (0 < x < 1), where the initial
concentration C, is constant. Suppose that a solute
moves out through one of the boundaries, x = 1, to
the other phase. The flux at x = 1 is in proportion to
the concentration and there is no flux at x = 0.

A subsidiary equation in the restricted area is given
by equation (39)

d2C . C
g =-22
e q°C D O<x<l) (39)
The boundary conditions are
dc
—=0, atx=0, (40)
dx
dC
I +hC=0, atx=1 41)
A solution for C of equation (39) is
Co & hC, cosh(gx) 42)

p D q*[qsinh(gl)+h cosh(ql)]

An inversion of Cy/p is straightforwardly C,, but
the second term in the equation has a rather compli-
cated form. This term can be simplified by changing
hyperbolic functions into exponential functions,
and reforming the equation into terms of the type
exp(—gx)q~"(q+h)~" This gives
—qU—x) —q(i+x)
_ e +¢ @)
(@+h—(g—he™

and taking a reciprocal of a denominator in equation
(42) gives

1 _ i (q+h—2h) e~2H
(@+h—(g—he (q+m'™!

ji=o0
Applying a binomial expansion to (q+h—2h)7 gives

cosh(gx)
q sinh(gl)+h cosh(q))

(44)

(gq+h—2h) = i

k=0

(2) (q+h)i"H(=2h).  (45)
From equations (42)-45), we get the image relation

~_Co Coh

C= ()( 2hy*
p j=0 k=0

e—al2i+ =x] o= ql(2j+ 1)i+x]
x 2 k+1 2 k+1 | (46)
q'(g+h) q*(g+hy
The inversion of the image function can also be written
out as

o 3 5 (12
j=0 k=0
k
x {erfc(é-)+erfc(§+)—exp(—fz-) Y. (HY
r=0

x exp[(¢_ + )21 erfc (¢ +H)
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—exp(—&2) Y (2HY exp[(E+ +H)]i
r=0
x erfc(&, +H)} @j+Dl-x  (2j+Di+x
§-or+ = (3pnlz 9F (3Dn)t/2
@7

Taking out a term for j = 0 corresponds to a known
profile [1],

I-x I+x
C=Cy—Cyp {crfc[m]+erfc I:W]
+ I—x
(4Dp'/?

I+x
—exp [h(l+x)+ h*D] erfc I:”(Dt)‘*' 4Dt )1/2]'*' }

—exp [h{l—x)+ D] erfc [h(Dt)”2

(48)

CONCLUSION

When diffusion problems are analyzed by the
Laplace transformation method, we meet frequently
typical image functions in the form of

exp(—gx)g~"(g-+I)™".

It has been usual for relations between these images
and their original functions are tabulated or treated
for every m and n. The present equation can cover
the previous relations. In addition to this, two dif-
fusion problems which are rather complicated are
systematically illustrated with the generalized relation.
As the examples show, the method which uses the
decomposition of the subsidiary equations into
polynomials of the type >C,,, exp(—gx)q™(g+h)* is
not restricted to a single form but it may be possible to
combine increased m and decreased n or vice versa.
However this does not deny the uniqueness of the
solution but apparent differences may be eliminated by
some formulas for integrated error functions.

In order to evaluate numerically the analytical
results computers will be required. Therefore, it will be
necessary to estimate the effect of the relationships
between arguments and integral orders in error
functions on computing time, as well as the choice for
polynomials.
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APPENDIX

EXTENDED BINOMIAL COEFFICIENT FOR
NEGATIVE ARGUMENTS TOGETHER WITH
POSITIVE ONES

The standard binomial coefficient is defined as

r)__ rt
s] T str—s)

where r, s and r—s are not negative integers. But here, let us
extend r and s to be any integers which may be constructed
with two or more integer variables in order to make a wider
coefficient. We call this simply ‘the coefficient’, or the ‘extended
binomial coefficient’.

In order to calculate the coefficient, let us rewrite the
factorial functions with the aid of gamma functions,

(r) B T(r+1)
s) T+DIr—s+1)

Now, for coefficients with three gamma functions, it may be
possible to classify them according to whether their arguments
are positive, negative or zero,

r—s+i21
r—s+1<1

i r+1 =1,
@iy r+1 21,

s+12>21,
s+12>21,

m+n—j—3> and (m+n—j—-3

T. SuiBaTA and M. KuGo

non zero
but
not used

) (ml-2) {

AN

), Shaded blocks are used in this treatment.

r—s+1>21
r—s+l<1
r—s+12>1
r—s+1<1
r—s+1>=1
r—s+l<1.

(i) r+121,
iv) r+121,
V) r+l1 <1,
vi) r+1<1,
(i) r+1 <1,
(vil)) r+1 <1,

s+l <1,
stl<l,
s+1>1,
s+1>1,
s+1 <1,
s+1<1,

In the above classifications, (iv) and (v) are not possible
because of the contradiction among the conditions. In
addition, the coefficients in the cases (ii), (iii) and (viii) are zero,
since a value in the denominator is infinite from the definition
of the gamma function with non-positive integer arguments.
The case (i) follows the usual manner. In the remaining cases,
(vi)and (vii), two infinities, one in the numerator and the other
in the denominator make the coefficients indefinite. But they
may turn out to be definite with the limit value calculation by
the aid of functional equations.

Therefore the coefficient can possess an original form and
two other forms. The additional forms can be rewritten in a
cyclic way with the two reversible equations (8) and (9).

Next, the variation of the two actual coefficients which
appeared in the main description with the integer parameter
set (j,m,n) is shown in Fig. 2, provided that the three
parameters are all less than 5. In order to reduce the intricacy
somewhat, the blocks which are formed with non-zero
coefficients but not used because of the empty-sum rule, are
removed from the cubes. The remainder contains three zero-
valued blocks. In the numerical calculations, these may also be
excluded. Concerning the final non-zeros, the coefficients with
negative ferms are rewritten as usual with the previous
reversible formulas and the results are noted.
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GENERALISATION ET APPLICATION DES FORMULES DE TRANSFORMATION DE
LAPLACE POUR LA DIFFUSION

Résumé—On généralise la relation entre la fonction image du type e™%°g~™(q+h)™" et son original ().

L'équation résultante est donnée pour tout couple (m, n) et quelques problémes de diffusion sont analysés

facilement et systématiquement. On donne de plus quelques natures caractéristiques reliées a la fonction
d’erreur.

VERALLGEMEINERUNG UND ANWENDUNG VON LAPLACE-
TRANSFORMATIONSGLEICHUNGEN AUF DIE DIFFUSION

Zusammenfassung—Die vorliegende Arbeit verallgemeinert die Bezichung zwischen Bildfunktionen, wie z. B.

vom Typ e~ %*¢~"™(g+h)~" und ihren Originalfunktionen f(t). Die sich ergebende Gleichung gilt fiir jedes

ganzzahlige Paar (m, n) und eignet sich zur leichten und systematischen Losung einiger Diffusionsprobleme.
Zusitzlich wird auf einige charakteristische Umstinde beziiglich Fehlerfunktionen hingewiesen.

OBOBIIEHME U MMPUMEHEHME I1PEOBEPA3OBAHUN JIAMJIACA AJIS
ONMUCAHUA OUPPYINU

Ansoramus—J[lano  oBobwmeHHOE  COOTHOWeHMe,  CBA3plBatoluee  o6pa3bl  QyHKUMH  THna

e ¥g™"(g + h)™" ¢ ux opuruHanamu f(¢). Mony4eHs! pesyabraTht m1a moboil mapsl Leablx HHce:1

(m,n), 4TO NO3IBOIAET JIETKO H CHCTEMATHYECKH aHATH3INPOBATh HEKOTOpsle 3adaunt anddyiun. Kpome
TOro, PaCCMOTPEHB! HEKOTOPLIE cBOfiCTBA yHKUMIT OIKGOK.
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